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Abstract 

Weyl modules were originally defined for affine Lie algebras by 
Chari and Pressley in [4]. In this paper we extend the notion of Weyl 
modules for a Lie algebra g A, where g is any Kac-Moody alge¬ 
bra and A is any finitely generated commutative associative algebra 
with unit over C, and prove a tensor product decomposition theorem 
generalizing [1]. 


1 Introduction 

Let 0 be a Kac-Moody Lie algebra and let f) be a Cartan subalgebra of g. 
Set g' = [g, g] and f)' = 0 Ll 1). Let f)" be a vector subspace of 1} such that 
f)' ® = F Let A be a hnitely generated commutative associative algebra 

with unit over C. Denote 0 = g' (8) A © 1^" and let g = N~ © 1) © iV+ be a 
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standard triangular decomposition into positive and negative root subspaces 
and a Cartan subalgebra. Let N = N~<^A, N = and [)= 

Consider a linear map '0 C. 

In |1] Chari and Pressley defined the Weyl modules for the loop alge¬ 
bras, which are nothing but the maximal integrable highest weight modules. 
Feigin and Loktev [ 8 ] generalized the notion of Weyl module by replacing 
Laurent polynomial ring by any commutative associative algebra with unit 
and generalized the tensor decomposition theorem of |1]. Chari and Thang 
[ 2 ] studied Weyl modules for double affine Lie algebra. In [T], a functorial 
approach used to study Weyl modules associated with the Lie algebra 0 © A, 

O 

where g is finite dimensional simple Lie algebra and A is a commutative al¬ 
gebra with unit over C. Using this approach they [1] defined a Weyl functor 
from category commutative associative algebra modules to simple Lie alge¬ 
bra modules, and studied tensor product properties of this functor. Neher 
and Savage [13] using generalized evaluation representation discussed more 
general case by replacing finite dimensional simple algebra with an infinite 
dimensional Lie algebra. 

O O 

Let r = 0 (g) A„ © flA^/dAn be a toroidal algebra, where g is finite dimen¬ 
sional simple Lie algebra and An = - is a Laurent polynomial ring 

in commutating n variables(see [5]). It is proved in | 6 ] that any irreducible 
module with finite dimensional weight spaces of r is in fact a module for 
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0 ( 8 ) ^n-i where 0 is affinization of 0 . Thus it is important to study 0 ( 8 ) An-i- 
modules. Rao and Futorny [7] initiated the study of 0 ( 8 ) Rn-i-modules in 
their recent work. In our paper we consider the 0 ( 8 ) A-module, where 0 is 
any Kac-Moody Lie algebra and A is any hnitely generated commutative 
associative algebra with unit over C. Our work is kind of generalization of 
the tensor product results in [H [HI 0] . For a cohnite ideal / of A we dehne 
a module and a Weyl module of 0 (Section 0]). The main 

result of the paper is the tensor product decomposition of W, I), where / 
is a hnite intesection of maximal ideals. 

The paper is organised as follows. We begin with preliminaries by stating 
some basic facts about Kac-Moody algebras and Weyl modules. In Section 
|3] we dehne the modules over 0 and show that they have hnite 

dimensional weight spaces and prove tensor decomposition theorem for them. 
Section0|is devoted to the tensor decomposition theorem for the Weyl module 
I) over 0 . 

2 PRELIMINARIES 

o 

Let 0 be a hnite dimensional simple Lie algebra of rank r with a Cartan 

o o Q ° ° I 

subalgebra f). Let A denote a root system of 0 with respect to 1). Let A+ 

o 

and A be a sets of positive and negative roots of 0 respectively. Denote by 
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«!, • • • ,ar and a^, - ■ ■ , a sets of simple roots and simple coroots of g. Let 

o ° ° °_ o 

0 = n’''©[)©? 7 , be a triangular decomposition of g. Let e* and fi be the 

o o o o* 

Chevalley generators of g. Let Q = ©Za^ and P = {A G 1) : A(a^) G Z} be 

o o o* 

the root and weight lattice of g respectively. Set P+ = {A G li : A(a^) > 0}, 

O 

the set of dominant integral weights of g. 

o ° 

Recall that a g-module V is said to be integrable if it is f^-diagonalisable 
and all the Chevalley generators and /*, 1 < i < r, act locally nilpotently 
on V. For commutative associative algebra with unit A, consider the Lie 

O 

algebra algebra g © A. We recall the dehnition of local Weyl module for 

g © A 0 [I]. 

O 

Definition 2.1. Let '0:[)©y4—)-Cbea linear map such that "0 |o= A, / a 

h 

cohnite ideal of A. Then W{ip, I) is called a local Weyl module for g © R if 
there exists a nonzero v G W{ip,I) such that 

O 

P(g © A)v = W {ip, I), (n+ © A)v = 0, (h © l)n = \{h)v 
Ip |°^j= 0, {fi © = 0, for i = 1, • • • , r. 

It is shown in [S] (Proposition 4) that the local Weyl modules exists and 
can be obtained as quotient of global Weyl module. 
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Let 0 = 0' 0 A © [)" is a Lie algebra with the following bracket operations: 


[X 0 a, F 06] = [X, F] 0 ab, 

[h, X 0 a] = [h, X] 0 a, 

[h, h'] = 0, 

I-'.' H” 

where X, F e 0', h, h' G 1 )" and a,b E A. Let t):= 1 )' 0 A © [)" and 0 = X 

~ 1 “ 

© f) © X be a triangular decomposition of 0, where X = X+ 0 A and 
TV = X- 0 A. 

Let t C be a linear map. 


Definition 2.2. A module F of 0 is called highest weight module (of highest 
weight Ip) if V is generated by a highest weight vector v such that 

(1) X^ n = 0. 

( 2 ) h V = ip{h)v for h E E\) . 

Let C be the one dimensional representation of X © 1 ) where X acts 
trivially and t) acts via hA = ip{h)l for Vh Gl). Dehne the induced module 

M{ij) = u(g) (g) C. 

Then M{ip) is highest weight module and has a unique irreducible quotient 
denoted by V{ip). 
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3 The modules M(^, I) and its tensor decom¬ 
position 

Let ai,..., a; be a set of simple roots of 0 and A+ a set of corresponding 

i i 

positive roots. Let Q = be root lattice of 0 and Q+ = ^^Z>oQ;j. Let 

i=\ i=l 

A G 1 )* be a dominant integral weight of 0. Consider a G A+ and assume 
a = YluiOii. Define an usual ordering on A+ by a < /9 for a, G A+ if 

P — a ^ Q+. 

Let / be a cofinite ideal of A. Let {la, a G A+} be a sequence of cofinite 
ideals of A such that la ^ I and 

(1) a < /3 1/3 C la- 

( 2 ) lalp ^ Ia+l3 if Q; + /3 G A'*'. 

For P G A+ let A_^ be a root vector corresponding to the root —/ 9 . For 
a cohnite ideal / of A set A_^/ = A_^ (8) I. 

Let tjj :[)—)■ C be a linear map such that tjj |f,'(g)7= 0 , tjj |f,= A G 1 )* and A is 
dominant integral. 

Definition 3.1. We will denote by Miip, {la, a G A+}) the highest weight 0- 
module with highest weight tjj and highest weight vector v such that = 

0 for all f 5 G A"'”. 

We will show now the existence of modules M{%lj,{Ia,a G A+}). Let 
M{ip) be the Verma module with a highest weight ip and a highest weight 
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vector V. We will prove that the module generated by X_aIaV is a proper 
submodule of M{ip) for all a G A+. We use induction on the height of 
a. First recall that there is a cohnite ideal / such that -ip |(j'0/= 0 and by 
dehnition laPP I and if /3 < a. 

Let us consider X-aJaX for a simple root ai. We will prove that X^aidv 
generates a proper submodule of Miip) where a G /q,^. Indeed we have 
XabX_aiav = 0 for any simple root a and h E A. Let W be the 0- 

submodule generated by X^aJaX- Then XafiX^ai^v = hibav = 0 as C / 
and tjj |(j'0/= 0 . So M{'ip)/Ni ^ 0 and the induction starts. 

Let (3 G A+ and ht(/ 9 ) = n. Let N be the submodule generated by 
X]yeA+ X-uhv where htz/ < n. Then by indnction, A is a proper submodule 
of Now consider XcnbX_pav where is a simple root, b E A and 

a E Ip. Bnt XahX_pav = X_p+aibav. Since ht (/9 — a^) < n and Ip is an 
ideal of A, we have ba E Ip Ip-ai- Hence, we see that X^p^atbav E N. 
Therefore, X_pav is a highest vector of M[ip)/N, and hence generates a 
proper submodule. 

Lemma 3.2. Leiji ,... ,7„,/5 G A+. ThenB = X_pIJp^^X_.y^ Oi ... X_^^anV = 
0 , for ai,... On E A and each y* < (I. 

Proof. We prove the statement by induction on n. For n = 0 the lemma 
follows from the dehnition of the module. We have 

B = X_.y^aiX_pIJf'^^X_.y^a2 ... X_.y^anV+[X_p, . 
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The first term is zero by induction on n. Repeating the same argument n 
times for the second term we end up with; 


B = [... [X_f, ..., 'll . Assume 

Then it is a nonzero multiple of and /5 + ^7* is a root. As each 

7i < /3 we have Ip C I^.. 

Thus 

C IpI^J^^ ■ ■ • An ^ A+E7i- 

Since 

^-(/3+E7i)A+E7T = 0) 

it completes the proof of the lemma. □ 

Proposition 3.3. G A+}) has finite dimensional weight spaces 

with respect to t). 

Proof. Follows from Lemma 13 . 21 . □ 

We now construct a special sequence of cohnite ideals la^a E A+. Let / 
be any cohnite ideal of A. Let -0 :fi —)■ C be a linear map such that V’ |f)'®/=o 
and "0 |(,= 7 a dominant integral weight. Let recall that for a G A+ with 
“ = dehne Nx,a = 


Let la = Now ii a < (3 then it implies that , Nx^a < N\,i 3 and hence 

Ip ^ la- Suppose a, /3 E A+ such that a-\-(3 E A’*'. Then clearly lalp = la+p- 
For this special sequence of ideals /«, dehne I) := {la, a E A+}). 
Let I and J be coprime cohnite ideals of A. Consider linear maps 
:lh-t C such that ipi |(,'®/= 0, 1^2 |t)' 0 j= 0, '?/’ |[,= A and '?/>2 |f)= /W- 
Further assume that A and fi are dominant integral weights. Let M{ppi,I) 
and M{'ip 2 , J) be the corresponding highest weight modules. Now dehne the 
following new sequence of cohnite ideals of A. Let Ka = C Jn J. 

It is easy to check that: 

(1) If a < /9, a,/3 E A+ then Kp C Ka- 

(2) Ka Kfi C Ka+p if a, /3,a + /3 E A+. 

Let '^ = '^1 + '^ 2 , so that tjj |f,' 0 (/nj)= 0, tjj |(,= A + /i. Then we have 

Theorem 3.4. As a g-module 

M (^1 + ^ 2 , {Ka, a E A+}) = M(^, I) 0 M(^2, J)- 

The following is standard but we include the proof for convenience of the 
reader. 

Lemma 3.5. Let I and J be the coprime cofinite ideals of A. Then 

a) A = K + J^, for all n,m E Z>i. 

b) A/{K n .1^) ^ AjK © A/J™. 
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Proof, a) As I and J are coprime there exist f E I and g E J snch that 
f + g = 1. Considering the expression (/ + = 1 , we see that the 

left hand side is the snm of two elements of and I'^. h) is clear from a) 
and the Chinese reminder theorem. □ 


Assnme 

dimA/J'^^’“ = rria 

dimA/J'^'"’“ = Ua 

dim n 7^''-“ = 

then 


TTTq, “1“ 7^0, — /uq. 


by the above lemma. 

Proof of Theorem 13.41 

Let ai^Q,..., am„,o be a C-basis of Let af, a ^,..., be a C-basis 

of Then clearly N has the following C-basis: 


{X_aai^ay 1 < * < « E A+}U 

e N, o g A+}. 

Let U\, be the snbspaces of U{N ) spanned by the ordered prodncts of 
the hrst set and the second set respectively. Then by the PBW theorem we 
have U{N~) = UxU\ 
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Let 


M = M(^i+^2, A+}), 

Ml = M(^i,/), 

M 2 = M(^2,J). 

It is easy to see that Mi = U\U^v = as = Cv. Since Mi has hnite 
dimensional weight subspaces we can dehne the character of Mi as follows: 

ChMi = ^ dim Ml, A-r,e-(^-^). 

r)&Q+ 

Let la denote the multiplicity of the root a. 


It is standard that 

dimMi,A-n = where is given by 


JJ (1 - = > ' Kte-^ 


oeA+ »?G<3+ 

Also we have that dim M 2 ,= K^, where 


n 

aGA+ 


<A\ Tiryln 




r}^ 5 


»)GQ+ 


and dimMA+^_^ = where is given by 


(1 - e “) 

q;GA + 

(recall that ka = nia + Ua)- 

From the above calculations we see that 


E *'•> 




»?eQ+ 


dim Ma+/,_^ = dim(Mi (g) M 2 )A+it- 


»?• 
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Thus to prove the theorem it is sufficient to show that there is a surjective 
0 -homomorphism from M to Mi 0 M 2 . 

Let Vi and V 2 be the highest weight vectors of Mi and M 2 respectively. 
Let U he g submodule of Mi ® M 2 generated by Vi0V2- It is easy to check 
that {^pl + ip 2 ){h' 0 (/ n J)) = 0. Recall that fl We 

have X-aKa{vi 0 V 2 ) = 0 which immediately implies that 17 is a quotient of 
M. Hence to complete the proof of the theorem it is sufficient to prove that 
U ~ Ml 0 M 2 . 

Clearly, Mi 0 M 2 is linear span of vectors of the form wi 0 W 2 where 
wi = X_x^ai... X_x„anV, 

W2 = W_/3j6i . . . X_pJ)mV2 ■ 

Let /3 G A"*". By the definition of la and the argument given in the proof of 
Lemma |3A] it is easy to see that there exists iV >> 0 such that 

(a) X.pl^wi = 0 , X_i3J^W2 = 0 . 

Now recall that A = . Let 1 = f + g, / G , g G . For any 

h ^ A write h = fh + gh. We will use induction on m + n. Consider 

X_pfh{wi 0 W 2 ) = wi0 X_pfh W 2 {by (a)) 

= Wi 0 X_p{h — gh)w2 

= Wi0 X^jsh W 2 by {by (a)). 
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As X_i3 fh{wi ® W2) G U (by induction wi ® W2 G U), we conclude that 
wi ® X-ph W2 G U. Similarly we have X^phwi ® W2 E U. It easily follows 
now that U ~ Mi ® M2. This completes the proof of the theorem. 


4 Weyl modules for loop Kac-Moody alge¬ 
bras and its tensor decomposition 

In this section we dehne maximal integrable highest weight modules for 0 
and prove a tensor product theorem for them. 

Recall that M{'ip,I) is a highest weight module with a highest weight ip 
and a highest weight vector v. Further ip 0 and ip |[,= A a dominant 

integral weight. Let ai,... ,ai be simple roots and op,.. .aPP be the simple 
coroots. Let {X^., op, be an sh copy corresponding to the simple root 

Oti. 

Definition 4.1. Let IF be a highest weight g-module with a highest weight 
Ip and a highest weight vector v such that 

(1) 'Ip |l)'(g)7= 0, 

( 2 ) ^P !(,= A, 

( 3 ) xt^Ppp^\ = 0 for i = 1 , 2 ,..., /. 

It follows immediately that IF is an integrable g-module (see m)- We 
will prove below that such module exists and has hnite dimensional weight 
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spaces. 


By the result of |8] (see the proof of Proposition 6 and 16 of |8]) it follows 
that 

n = 0. 

Let a G A+ and X_„ = , [... , X_„,^]]], where XI = «• 

It is easy to check that X_al^^’°‘v = 0 . Recall that Nx^a = 

oi 'y ^ TiiOti. 

Thus W is an integrable quotient of Mil'll), I). Denote by W^ty,!) the 
maximal such quotient of I) in the sense that any integrable quotient 
of is a quotient of In particular, has hnite di¬ 

mensional weight spaces. We will prove at the end that for a cohnite ideal 
I which is hnite intersection of maximal ideals, W{'ip,I) is non-zero by ex¬ 
plicitly constructing its irreducible quotient. We will call the Weyl 

module associated with 'ip and I. Let I and J be coprime hnite ideals of A. 

Theorem 4.2. W(ypi - 1 - '02, / fl J) = W {ip, I) (ip, J) as g-modules. 

To prove above theorem we need the following lemma. 

Lemma 4.3. W ( 0 i, I) ®W (02, J) is a quotient o/ W( 0 i -|- 02, / Pi J). 

Proof. Let ui, V2 be highest weight vectors of W ( 0 i, I) and W (02, J) respec¬ 
tively. As in the earlier argument we can prove that W( 0 i, I) ® 1T(02, J) is 
a cyclic module generated by Vi 0 V2. Recall that Wpipi + 02, / H J) is a 


14 


maximal integrable quotient of + '^2, H J). But W {'ipi, I)®W {'ip2, J) 

is a integrable quotient of M('0i + ■02, -f H J). Hence W (■^i, I) ®W (V' 2 , J) is 
a quotient of W (■^i + -02, -f H J). □ 


Proof of the Theorem In view of the above lemma, it is sufficient to 
prove that W {f)i is a quotient of W (-01, 1 )®W (■02, J). Let Ki be 

the kernel of the map —>■ i = 1 , 2 . Then it is a standard 

fact that K = Ki® M[f)2, J) + I) ® K2 is the kernel of the map 


M(^i, J) 0 m(^2, J) ^ I) ® iy(v^2, J)- 


Let V be any integrable quotient of I)®M{'if2, J) and K be the kernel 

of the map I) ® M{f)2, J) —)• V. 

Claim : K ® K. This claim proves that H is a quotient of ® 

W{'^p2^ J)- In particular, hL(' 0 i+' 02 , /HJ) is a quotient of I)®W{'il)2, J) 

which completes the proof of the theorem. 

Proof of the claim : Since V is 0-integrable, it follows that the set of 
weights of H is IT- invariant and it is contained in A -|- /i — Q~^. Here Q~^ is 
a monoid generated by simple roots, IT is the Weyl group corresponding to 
0. Let m = (A + p)(o:f) + 1 . Then (X_Q,./)'"(ni 0 ^2) = 0 in T, V/ e H. 
Indeed, if this element is not zero then A + /r — moj is a weight of V implying 
that A + jU + ai is also a weight by the IT-invariance property of weights. But 
this is a contradiction. Let now N = max{(A + fi){af) + 1 : 1 < i < 1 }. As 
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jN _|_ jN — Lemma 1^31 choose f E and g G such that f + g = 1 . 
Consider 

ki+k2=N 

with some constants Q. Since (X_Q,/)ni = 0 , it follows that B = vi ^ 
{X_^J)^V2 e iC and 5 = m (8) (X_,,(l - g))^V2 E K. But {X_^^g)v2 = 0 . 
Hence Vi ® X^^.V2 E K. Let no be the least positive integer such that 
Vi 0 X'y^.V2 E K. But then 

Xa.{vi 0 X'^°^.V2) = ui 0 = (no(7i - no + l))ni 0 ^ 

where 7 * = gi{o^)- By the minimality of no it follows that 7 ^ + 1 = no- Thus 
we have proved that vi 0 E K, 'i i. Similarly we can prove that 

xt^^i ^"'"^'^1 ®V2 E K. Now by earlier argument we can conclude that K <E K. 
This completes the proof of the claim. 

k 

Corollary 4 . 4 . Let I be a cofinite ideal of A such that I = [^rrij, where m, ’s 

i=l 

for 1 <i < k are distinct maximal ideals of A. Let -01, • • •'0A: linear maps 

from 1) —)■ C such that 0* |f)'(g)mi= 0 and fji |[,= Aj a dominant integral weight. 
Put 0 = Y^'ipi and A = ^ Aj. Then 

k 

k 

lT(0,/)^(g)lT(0j,m0. 

i=l 
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Remark: See [T], for the similar tensor decomposition theorem of the 

O 

local Weyl modnle for where A is any commntative associative algebra 

with nnit. 

Remark: Modnle W{ip, I) is 0-integrable. In fact, = 0 for 

ttj simple and f & A. Indeed, snppose it is non-zero. Then A — (A(aA) -|- l)Q;j 
is a weight of W{ip, I). Since the weight are hT-invariant it follows that X + ai 
is a weight which is impossible. 

We now constrnct irredncible qnotients of Weyl modnles hence proving 

p 

their existence. Let / be a cohnite ideal of A snch that I = j^rrij, where 

i=l 

trij are distinct maximal ideals of A. Now as A is hnitely generated over 
C, A/rrij = C for 1 < i < p. So by Chinese reminder theorem, there is 

p 

a snrjective homomorphism from A to Hence we have have a 

i=l 

P 

snrjective homomorphism d) : g' (g) A —)■ 0^ <8 A/rUj = 0^ = g' © • • • © 0'(p- 

i=l 

times) by <I)(x © a) = {aix, a2X, ■ ■ ■ , a.px), where (ai, 02, • • • , Op) G is a 
image of a from the map A —>■ ©f=iA/mj —)■ C^. Now for 1 < i < p, let 
ipi be a linear map from [) to C snch that ipi \ ^ = Xi where Aj G . Then 

p 

as 0r(A i) is an irredncible integrable modnle for 0),, it is also irredncible 

i=l 

0' © A-modnle via <I) and so for 0(li" acts on tensor prodnct via ip) and the 
vector wai ® ® vx^, and ip = ipi + ■ —\-ipp satisfy the the conditions of the 

p 

dehnition 14.11 with I = P|mj. 

i=l 

Open Problem : Compnte the character of W{ip, I) which is W-invariant. 
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By Corollary 14.41 it is sufficient to compute the character of 


where ruj is a maximal ideal. 
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